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Nonideal mixing provides the physical basis of domain formation and macroscopic phase separation in lipid
bilayers. We present a model for the electrostatic contribution to the nonideality of a two-component acidic–
zwitterionic lipid membrane. Our model is based on the mean-field Poisson–Boltzmann approach; it includes
a protonation/deprotonation equilibrium applicable to acidic lipids such as phosphatidic acid or
phosphatidylglycerol. It also includes an electrostatic model for zwitterionic lipids such as phosphatidylcho-
line or phosphatidylethanolamine that accounts for the spatial separation of the two headgroup charges and
the orientational freedom of the headgroup. Modeling the nonelectrostatic contribution to the free energy
using the Bragg–Williams approximation of a binary lattice gas enables us to compute binodal lines that
reflect the influence of membrane electrostatics on the nonideal mixing properties of the bilayer. If we
neglect the zwitterionic lipid's electrostatic contribution, then increasing pH is predicted to always oppose
demixing, stabilizing the membrane due to the repulsion between the charged lipids. If the electrostatic
properties of the zwitterionic lipids are accounted for, this opposing tendency weakens and may even
reverse. In this case, increasing the fraction of charged lipids through increasing pH would, somewhat
unexpectedly, promote domain formation. We discuss the corresponding physical mechanism.
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1. Introduction

Cellular membranes contain a significant fraction of charged lipids;
electrostatics is thus expected to ubiquitously contribute to the
energetics and stability of biomembranes. Of the numerous biological
functions that take place at themembranemanyare influenced (or even
dominated) by electrostatic interactions [1]. It is well recognized that
the complex interplay of interactions within a lipid bilayer leads, in
general, to nonidealmixingproperties [2]which enables amembrane to
laterally organize its structure, form domains, and locally adjust lipid
composition. Indeed, the emergence of the lipid raft concept [3]
underscores the functional significance of nonideal mixing in biological
membranes. Experimental evidence for how nonideal lipid mixing
depends on membrane electrostatics has been collected using various
binding assays [4–7] and other methods [8–10]. In binary fluid
membranes, the degree of nonideality is usually insufficient to form
macroscopic domains; ternary membranes such as lipid mixtures with
cholesterol [11] or associated proteins [12] may, however, undergo
macroscopic lateral phase separation.

One of the experimental approaches to characterize nonideal mixing
in lipidmembranes has been developed byAlfred Blume et al. [13,14]. It is
based on differential scanning calorimetry and simulations of the
corresponding heat capacity curves using regular solution theory [14].
The simulations yield sets of nonideality parameters χ and τ for a binary
lipid mixture in both the gel and liquid crystalline phases. Specifically, in
each phase (gel and liquid crystalline) the model is based on the
expression for the free energyper lipid f/kBT=ϕlnϕ+(1−ϕ)ln(1−ϕ)+ϕ
(1−ϕ)[χ+τ(2ϕ−1)], measured in units of the thermal energy kBT
(where kB is Boltzmann's constant and T the absolute temperature). Here,ϕ
is the composition of the membrane (mole fraction of one lipid type), χ
represents a nonideality parameter familiar from the Bragg–Williams
approximation [15], and τ is a second nonideality parameter which
introduces an asymmetry in the phase diagram. Note that the role of τ in
introducing asymmetry can be seen by calculating the critical pointχ=χc

and corresponding critical composition ϕ=ϕc predicted by f. Vanishing
second and third derivatives of the free energy, d2f(ϕ)/dϕ2=d3f(ϕ)/
dϕ3=0, yield for small τ the values χc=2−(9/8)τ2 and ϕc=1/2+3τ.
Nonideality parametersχ and τ for the gel and liquid crystalline phase state
have been extracted for binary mixtures of phosphatidylcholine (PC) with
phosphatidic acid (PA) [16] or phosphatidylglycerol (PG) [17], lipid
mixtures of PG with phosphatidylethanolamine (PE) [18], lipid mixtures
that only differed in chain length [19] or were exposed to the influence of
divalent cations [20,21]. In some of the studieswas the pHused to tune the
charge of the involved acidic lipids, which allows to monitor the change in
nonideality as a function of electrostatic membrane properties. Protonation
of acidic lipids (PA [16] andPG [17]) for sufficiently small pHwas, generally,
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Fig. 1. Illustration of a mixed acidic–zwitterionic lipid layer. The mole fraction of the
acidic lipid is ϕ, and that of the zwitterionic lipid is 1−ϕ. For the acidic lipid we account
for a protonation/deprotonation equilibrium, where deprotonated and protonated
lipids are present with mole fractions ϕη and ϕ(1−η), respectively. Acidic lipids
(protonated and deprotonated) as well as the negative charges of the zwitterionic lipids
are confined to the plane x=0 whereas the positively charged ends of the zwitterionic
lipids are able to reside at any position x= lcosθwithin the headgroup region (0≤x≤ l),
corresponding to a headgroup tilt angle θ. The cross-sectional area a is assumed to be
constant and the same for all lipids. Charges belonging to zwitterionic lipid headgroups
are shaded. The horizontal broken line marks the outer boundary of the headgroup
region at distance l away from the polar–apolar interface, x=0. The aqueous solution
contains protons and salt ions.
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observed to increase the nonideality parameterχ in the fluid phase. This is
expected because the electrostatic contribution to the free energy disfavors
the formation of clusters that contain charged lipids. The details of the
relationχ(pH)depend in a complexwayonadditional factors suchas chain
length differences and ability to form hydration bonds between the
involved lipids. To what extent the electrostatic properties of the
zwitterionic lipids can be expected to influence the nonideality is the
subject of the present study.

Existing modeling approaches of membrane electrostatics range
from continuum Poisson–Boltzmann theory [22] to all-atomMolecular
Dynamics simulations [23]. The former, continuum Poisson–Boltzmann
theory, involves a number of drastic simplifications such as point-like
ions, smeared charge distributions, and the neglect of both solvent
structure and ion–ion correlations. On the other hand, the simplicity of
the Poisson–Boltzmann model often allows for a transparent interpre-
tation of its predictions, and it can easily be combined with other
approaches such as lattice gas models or chemical dissociation
equilibria. In fact, dissociation equilibria have received considerable
attention [24–29], because electrostatic properties can be regulated
through the adsorption of ions or changes in pH. Lipid bilayers that
contain a mixture of acidic and zwitterionic lipids can, in principle, be
described by similar approaches. However, the additional presence of
zwitterionic lipids can be expected to influence the electrostatic
membrane properties, including the protonation/deprotonation equi-
librium of the acidic lipid. The large dipole moment of a zwitterionic
headgroup such as PC makes it likely that this influence is significant.

In the present work we analyze the electrostatic contribution to the
nonideality of a mixture between zwitterionic lipids (such as PC or PE)
and acidic lipids (such as PA or PG). We include into our model (i) the
electrostatic properties of the zwitterionic lipids, (ii) the protonation/
deprotonation equilibrium of the acidic lipids, and (iii) a nonelectro-
static nonideality based on the mean-field Bragg Williams approxima-
tion of a binary lattice gas [15]. We do not aim to extract nonideality
parameters from experimental data (work along this line is available
[6,30]). Instead, our objective is to characterize the physical mechanism
how zwitterionic lipids impact the protonation/deprotonation equilib-
riumof the acidic lipids andwhat the implications for the stability of the
membrane are.

We shall employ, within the Poisson–Boltzmann framework, a
structural model for a zwitterionic lipid headgroup that has been
suggested previously by Mbamala et al [31]. This model reproduces
typical experimentally observed differences between mixed cationic
and anionic lipid bilayers [31], including differences in the adsorption of
chargedmacroions such as proteins or DNA [32]. Themodel also leads in
some limits (the Debye–Hückel limit [33] and the dipole limit [34]) to
analytical results for the electrostatic free energy. It hasfinally beenused
to characterize the adsorption of DNA onto zwitterionic bilayers
mediated by divalent cations [35]. In the present work, we introduce a
protonation/deprotonation equilibrium for the acidic lipids that leads to
the nominal probability

η0 =
1

1 + 10pKa−pH ð1Þ

for a headgroup of given pKa and ambient pH to carry a single
negative charge. The presence of zwitterionic lipids will affect the
electrostatic potential and this will modify the protonation/deproto-
nation equilibrium of the acidic lipids. Finally, our present work will
include a nonelectrostatic contribution to the nonideal mixing which,
as mentioned above, will be modeled using the Bragg–William free
energy fBW; see below in Eq. (5). The total free energy f= fBW+ fel will
contain the additional electrostatic contribution fel. Calculating how
the critical pointχ=χc shifts as function of η0 reveals how the dipolar
character of the zwitterionic lipids affects the mixing properties of the
membrane.
2. Model

We consider a planar, binary lipid bilayer that contains an acidic
(such as PA or PG) and a zwitterionic lipid type (such as PC or PE),
present with mole fractions ϕ and 1−ϕ, respectively. For sufficiently
small pH, the phosphate groupof the acidic lipid becomesprotonated. In
the present study we explicitly account for the corresponding
protonation/deprotonation equilibrium. Let η denote the fraction of
the acidic lipids that carry a deprotonated phosphate group (and thus a
single negative charge). Below we refer to η as the degree of
deprotonation. The remaining fraction of acidic lipids, 1−η, is
protonated (and thus electrically neutral). For simplicity we assume
that the phosphate group of the zwitterionic lipid headgroup remains
negatively charged. We can thus characterize the state of the bilayer by
the three mole fractions ϕ1=1−ϕ, ϕ2=ηϕ and ϕ3=(1−η)ϕ of the
zwitterionic, deprotonated, and protonated lipids, respectively, as is
illustrated in Fig. 1. We describe the energetics of the bilayer on the
mean-field level; all properties (the electrostatic potential, concentra-
tions of salt ions, etc.) depend only on the distance x away from the
bilayer, but not on the in-plane location.

The headgroups of zwitterionic lipids such as PC or PE have a large
intrinsic dipole moment. Using a distance of ≈0.5 nm between the
charges carried by the phosphate and amine groups, we obtain a
dipole moment of about 24 Debye, an order of magnitude more than
that of water (1.85 Debye). This is likely to influence the electrostatic
properties of the bilayer. In the present work we employ an
electrostatic model of zwitterionic lipid headgroups that was
suggested and analyzed previously [31]. Briefly, the two headgroup
charges are both modeled explicitly, with the negative charge (i.e.
the phosphate group for phospholipids) residing immobilized at
the hydrocarbon core–headgroup interface (at x=0 as illustrated in
Fig. 1). The positive headgroup charge, which is located at fixed
distance l away from the corresponding negative headgroup charge, is
allowed to adopt headgroup tilt angles θwith 0≤θ≤π/2. Belowweuse
the probability P(x)with x= lcosθ to describe the tilt angle distribution
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of the headgroups. We use the normalization (1/l)∫0
l dxP(x)=1. Note

that P(x)=0 for xN l and for xb0;we thus refer to the region 0≤x≤ l as
the headgroup region.

Assuming each lipid (irrespective of chemical structure and
protonation state) occupies the same and fixed cross-sectional area a
implies a surface charge densityσ=−(1−ϕ+ηϕ)e/a at position x=0
of the lipid layer, where e denotes the elementary charge. Note that the
contribution −(1−ϕ)e/a results from the negative charges of the
zwitterionic lipids whereas the remaining part, −ηϕe/a, is due to the
deprotonated fraction of the acidic lipids. The aqueous solution contains
salt with local concentrations n+ and n− of positively and negatively
charged monovalent ions. In addition, protons are present with local
concentrationnp. The bulkvaluesofn+,n−, andnp aren0,n0+np

0, andnp
0,

respectively. Note that this choice ensures electroneutrality in the bulk.
(That is, for each proton a negatively charged salt ion is added in the
bulk.) Within the headgroup region, the positive charges of the
zwitterionic headgroups contribute e(1−ϕ)P(x)/(al) to the local
volume charge density ρ(x). The total value for the local volume charge
density ρ(x) can thus be expressed by

ρ xð Þ
e

=
nþ + np−n− +

1−ϕð Þ
al

P xð Þ 0bxbl

nþ + np−n− l≤xb∞:

8<
: ð2Þ

Known ρ allows us to calculate the electrostatic potentialΦ through
Poisson's equation Φ″(x)=−ρ(x)/(�W�0) where (here and in the
following) a prime denotes the derivativewith respect to the argument.
In addition, �W≈80 is the dielectric constant of water, and �0 is the
permittivity in vacuum. Thediscussion of physicalmodels oftenbenefits
from expressing quantities in dimensionless formor in terms of lengths.
For the Poisson–Boltzmann model it is convenient to use the
dimensionless potential Ψ=eΦ/kBT and to express �W in terms of the
Bjerrum length lB=e2/(4πkBT�W�0)≈0.7 nm. Hence, the Poisson equa-
tion reads Ψ″(x)=−4πlBρ(x)/e.

We decompose the free energy per lipid

f = fel + fBW ð3Þ

into an electrostatic (fel) and nonelectrostatic (fBW) contribution. On
the mean-field level, we write for the electrostatic contribution,
measured per lipid and in units of the thermal energy kBT,

fel
kBT

=
a

8πlB
∫∞
0dx Ψ′ xð Þ

� �2
+ a∫∞

0dx nþln
nþ
n0

−nþ + n0

� �

+ a∫∞
0dx n−ln

n−
n0 + n0

p
−n− + n0 + n0

p

" #

+ a∫∞
0dx npln

np

n0
p
−np + n0

p

" #

+ 1−ϕð Þ1
l
∫l

0
dxP xð ÞlnP xð Þ

+ ϕ ηln
η
η0

+ 1−ηð Þln 1−η
1−η0

� �
:

ð4Þ

The first line in Eq. (4) describes the electrostatic field energy. The
integration runs from the hydrocarbon core–headgroup interface, at
x=0, to infinity. Ignoring the electrostatic contribution within the
hydrocarbon core of the lipid bilayer is appropriate because of the small
value of the dielectric constant inside the membrane (as compared to
water). The second, third, and fourth lines in Eq. (4) account for the ideal
mixing free energy contributions of the positive salt ions, negative salt
ions, and protons, respectively. Line five denotes the orientational
entropy contribution of the zwitterionic headgroups where, as pointed
out above, P(x) is the probability of the zwitterionic lipid's positive
charge to be found at position x. The last term in Eq. (4) accounts for the
demixing free energy contribution of the protonation/deprotonation
equilibrium. Here, η0 is the nominal (i.e., in the absence of an external
electrostatic field) probability tofind the acidic lipid negatively charged.
Eq. (1) relates η0 to the pH and pKa value of the acidic lipid.

For the nonelectrostatic contribution to f we employ the Bragg–
Williamsmodel which is based on a randommixing approximation of a
binary lattice gas [15]. Note that the Bragg–Williams model neglects
correlations, as does the Poisson–Boltzmann model. The two models
thatwe combine in the present study thus describe themembraneusing
the same mean-field level of approximation. The Bragg–Williams free
energy per lipid can be written as

fBW = kBT ϕlnϕ + 1−ϕð Þln 1−ϕð Þ + χϕ 1−ϕð Þ½ �: ð5Þ

with nonideality parameter χ. Increasing χ acts toward demixing and
cluster formation of likemolecules. Eq. (5) is similar to themodel used
by Johann et al. [13]; yet without the asymmetry parameter τ. In our
model, the nonideality parameter χ represents only the none-
lectrostatic contribution to the nonideal behavior of the lipid layer
(electrostatics is explicitly accounted for by fel). Also, we assume that
fel does not affect the nonelectrostatic contribution to the nonideality.
If it did, we would not only have to allow for a dependence of χ on the
electrostatic properties of the membrane, but two more nonideality
parameters would appear. That is, the total number of nonelectostatic
nonideality parameters would be three, related to the nonelectostatic
interactions between protonated and deprotonated acidic lipids,
between protonated acidic and zwitterionic lipids, and between
deprotonated acidic and zwitterionic lipids. Even an additional three-
body interaction term could appear. Although we cannot rule out a
coupling between electrostatic and nonelectrostatic interactions, we
ignore its possible existence in the present work.

The free energy f= f(n+,n−,np,P,η) given in Eqs. (4) and (5) fully
specifies the behavior of the lipid layer, including the fractions of
protonated/deprotonated lipids and the degree of nonideality. In
thermal equilibrium f adopts a minimum with respect to the functions
n±(x), np(x), and P(x) as well as with respect to the degree of
deprotonation η. Variation of f leads to

δf
kBT

= a∫∞
0dx δnþ ln

nþ
n0

+ Ψ
� �

+ δnp ln
np

n0
p
+ Ψ

 !
+ δn− ln

n−
n0 + n0

p
−Ψ

 !( )

+ δηϕ ln
η 1−η0ð Þ
η0 1−ηð Þ
� �

−Ψ 0ð Þ
� �

+ 1−ϕð Þ1
l
∫l

0
dxδP lnP + Ψ + lnqð Þ

ð6Þ

where Ψ(0) is the (dimensionless) potential at x=0. The constant q
ensures proper normalization of P(x). Vanishing of δf gives rise to
the Boltzmann distributions n+=n0exp(−Ψ), np=np

0exp(−Ψ), n−=
(n0+np

0)exp(Ψ), and P=exp(−Ψ)/q, with q=(1/l)∫0
l dxexp(−Ψ)

appearing as the corresponding partition sum.Moreover, for the degree
of deprotonation we obtain

η =
1

1 + 1−η0

η0
e−Ψ 0ð Þ : ð7Þ

Inserting the Boltzmann distributions into Poisson's equation yields
the Poisson–Boltzmann equation

l2DΨ
″ xð Þ = sinhΨ xð Þ−2 1−ϕð Þp0

lD
l
e−Ψ

q
0bxbl

sinhΨ xð Þ l≤xb∞;

8><
>: ð8Þ

where the Debye screening length lD is defined through 1/lD2 =8πlB
(n0+np

0), and where we have introduced the dimensionless param-
eter p0=2πlBlD/a. The Poisson–Boltzmann equation splits into two



Fig. 2. The surface potential Ψ(0) for l=0 and lD=1 nm as function of η0 for ϕp0=
1 (a), ϕp0=3 (b), and ϕp0=6.9 (c). The circles mark the finite values forΨ(0) at η0=1
(which according to Eq. (1) corresponds to the hypothetical limit pH–pKa→∞) where
the deprotonation is complete. In the other limit, for η0=0 (corresponding to pH–
pKa→−∞), all acidic lipids are protonated, and the potential Ψ(0) must vanish. Note
that Ψ(0) is calculated by numerically solving Eq. (11). The inset shows the
corresponding relation η(η0), again for ϕp0=1 (a), ϕp0=3 (b), and ϕp0=6.9 (c).
The broken line (in both the main figure and the inset) is derived for l=0.5 nm,
lD=1 nm, and ϕ=0.44, leading ϕp0=3.
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parts, one within the headgroup region 0bxb l (upper line in Eq. (8))
and one in the aqueous region l≤xb∞ outside the headgroups (lower
line in Eq. (8)). At x= l the potential must be continuous and smooth.
The presence of the partition sum q renders the Poisson–Boltzmann
equation to be an integral–differential equation. The two boundary
conditions for Eq. (8) are Ψ′(x=0)=−4πlBσ/e and Ψ′(x→∞)=0.
The condition atx=0reflects the surface chargedensityσ=−(1−ϕ+
ηϕ)e/a of the membrane. Inserting η from Eq. (7) leads to

lDΨ
′ 0ð Þ = 2p0 1−ϕ +

ϕ

1 + 1−η0

η0
e−Ψ 0ð Þ

0
B@

1
CA: ð9Þ

Solving the Poisson–Boltzmann equation numerically yields Ψ(x)
and from that the ion concentrations n+(x), np(x), n−(x), the degree of
deprotonation η, and the probability distribution P(x). With that we are
able to calculate the free energy f in Eq. (3) numerically.

The nonideality parameter χ represents only nonelectrostatic lipid–
lipid interactions. We employ χ to calculate the binodal line beyond
which, hypothetically, themembrane becomes unstable with respect to
lateral phase separation. Shifts of the binodal line upon changing the
solution pH reflect the influence of electrostatic interactions on the
membrane's degree of nonideality. Calculating these changes for
different l (the separation of the charges within the zwitterionic
headgroup) reveals the role of the zwitterionic lipids. This is the
approach pursued in the presentwork. Alternatively, one could setχ≡0
and lump the electrostatic interactions into a corresponding nonideality
parameter χel (and possibly also an asymmetry parameter τel).
However, we find this approach less appropriate because fel(ϕ),
reflecting long-ranged interactions, does generally not follow a simple
χelϕ(1−ϕ)[τel(2ϕ−1)] dependence.

3. Results and discussion

In all calculations we use a cross-sectional area per lipid
a=0.65 nm2, Bjerrum length lB=0.7 nm, and Debye length lD=1 nm,
corresponding to a 0.1 M salt solution.We thus have p0=2πlBlD/a=6.9.

Ourmodel accounts for the presence of the zwitterionic lipids by the
length l between the two headgroup charges.Wefirst consider the limit
l=0 where the zwitterionic lipids are modeled as neutral entities that
do not influence the electrostatic properties of the membrane. In this
case, the Poisson–Boltzmann equation, Eq. (8), reduces to lD

2Ψ″(x)=
sinhΨ(x) in the entire region 0≤xb∞, and the boundary condition in
Eq. (9) becomes

lDΨ
′ 0ð Þ = 2p0ϕ

1 + 1−η0

η0
e−Ψ 0ð Þ : ð10Þ

Integrating the Poisson–Boltzmann equation once yields Ψ′(x)=
−(2/lD)sinh(Ψ(x)/2). At theparticular position x=0wecan combine that
equation with the boundary condition in Eq. (10), resulting in the
transcendental equation

Ψð0Þ = −2arcsinh
p0ϕ

1 + 1−η0

η0
e−Ψð0Þ

2
64

3
75 ð11Þ

for the surface potential Ψ(0). Eq. (11) can be solved numerically;
results are shown in Fig. 2. For η0=1 we obtain the familiar expression
Ψ(0)=−2arcsinh(2πlBlDϕ/a) [36] for aplanar surface of lateral areaa/ϕ
per charge and Debye screening length lD. The inset in Fig. 2 displays the
corresponding relation η=η(η0) according to Eq. (7). The negative
surface potentialΨ(0) favors protonation, leading to η≤η0.Withknown
Ψ(0)we can calculate the free energy fel in Eq. (4). In fact, the calculation
of fel in the limit l=0 becomes straightforward because it can be
expressed directly in terms of Ψ(0), η0, and ϕ, namely

fel
kBT

=
2
p0

Ψ 0ð Þ
2

sinh
Ψ 0ð Þ
2

−cosh
Ψ 0ð Þ
2

+ 1
� �

+ ϕ η ln
η
η0

+ 1−ηð Þ ln 1−η
1−η0

� � ð12Þ

where η is given in Eq. (7). Let us briefly discuss the two limiting cases,
η0=0 and η0=1, corresponding to pH≪pKa and pH≫pKa, respec-
tively. For η0=0 none of the membrane lipids carries charge anymore
because all acidic lipids are protonated and the zwitterionic lipids are
treated as neutral entities in the limit l=0. The free energy f= fBW then
reduces to the familiar Bragg–Williams expression in Eq. (5). In the
other limit, for η0=1, all acidic lipids are deprotonated, and the free
energy f= fBW+ fel contains the additional electrostatic contribution

fel
kBT

= 2ϕ
1−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 + ϕp0ð Þ2

q
ϕp0

+ ln
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 + ϕp0ð Þ2

q
+ ϕp0

� �2
4

3
5: ð13Þ

As discussed previously [37], for p0≫1 the critical point shifts
from χc=2 for η0=0 to χc = 2 +

ffiffiffi
3

p
≈3:7 for η0=1. The increase in

χc upon adding fel reflects the repulsive nature of the electrostatic
lipid–lipid interactions. Hence, changes in pH (and thus η0) will affect
the nonideality of the membrane. This is demonstrated in Fig. 3 which
shows two examples for f(ϕ), one calculated for η0=0.30 and the
other for η0=0.99 (the two solid lines), both for fixed χ=2.8 and
l=0. The curve for η0=0.30 allows for a common-tangent construc-
tion, indicating separation into two coexisting phases of composition
ϕ1 and ϕ2. In contrast, the curve for η0=0.99 is convex everywhere
and thus corresponds to a laterally stable membrane. Calculating the
coexisting compositions for different χ leads to a binodal line that can



Fig. 3. The total free energy per lipid f (in units of kBT) as function of ϕ for χ=2.8.
Broken and solid lines correspond to l=0.5 nm and l=0, respectively. Values of η0 are
indicated. For one curve (l=0 and η0=0.30) the common tangent (dotted line) is
shown, and the two corresponding coexisting compositions ϕ1 and ϕ2 are marked.
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be plotted in a phase diagram 1/χ vs. ϕ. Fig. 4 displays such a phase
diagram, derived for l=0. Different binodals correspond to different
values of η0. The inset shows how the critical point χc (i.e., the point
where χ′(ϕ)=0) shifts as function of η0. The results suggest that
increasing pH (and thus increasing η0) generally increases the
stability of the membrane. In agreement with this, χc increases
monotonously with η0 in the inset of Fig. 4.

Let us now consider the case l=0.5 nm which accounts for the
dipolar character of the zwitterionic lipid headgroups. In this case, we
have solved the modified Poisson–Boltzmann equation, Eq. (8),
subject to the boundary condition given by Eq. (9). Fig. 2 displays
an example for how η0 affects the potential Ψ(0) and the degree of
deprotonation η (see the broken line in the main diagram and in the
inset), both derived for ϕ=0.44, corresponding to ϕp0=3. Clearly,
the electrostatic contribution of the zwitterionic lipids shifts the
potential Ψ(0) to more negative values and thus leads to a lower
degree of deprotonation η (compare curve (b) with the broken line in
Fig. 2 and in the inset of Fig. 2). These results are a consequence of the
close proximity of the phosphate groups belonging to the zwitterionic
and acidic lipids, both being located at x=0.
Fig. 4. Binodal lines for η0=0.0 (a), η0=0.3 (b), η0=0.9 (c), η0=0.99 (d), η0=0.999
(e), and η0=1.0 (f). All binodals are calculated for l=0 thus ignoring the electrostatic
properties of the zwitterionic lipids. The inset shows the dependence of the inverse
critical point 1/χc on η0. Here, calculated points are marked by open circles connected
by straight lines.
For known Ψ(x) we can calculate the electrostatic free energy in
Eq. (4) conveniently using the expression
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kBT
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+
1
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0
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� �8<
:

9=
;
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where η is given in Eq. (7). Note that we obtain Eq. (14) from Eq. (4)
after some algebra, using the Poisson–Boltzmann equation (Eq. (8))
and the equilibrium expressions for n±, np, P and η. In Fig. 3 we show
two calculations of f with χ=2.8. The two broken lines in Fig. 3 both
correspond to l=0.5 nm; one is derived for η0=0.30 and the other for
η0=0.99. Here, in contrast to the case l=0, both values for η0 lead to
an unstable membrane for χ=2.8. Hence, because for η0=0.99 and
l=0 we obtain a stable membrane but an unstable membrane for
η0=0.99 and l=0.5 nm, we conclude that, at least in this particular
case, the electrostatic contribution of the zwitterionic lipids renders
the membrane more unstable. With regard to Fig. 3 we also note that
the free energy for ϕ=0 corresponds to a membrane consisting of
only zwitterionic lipids. For l=0 the membrane appears as a neutral
surface and f thus vanishes. Yet, for l=0.5 nm the zwitterionic lipids
contribute significantly to the electrostatic free energy. In fact, this
free energy is larger than that of a pure (ϕ=1) acidic membrane as
long as η0≲0.7. We have calculated the phase diagram for l=0.5 nm;
it is displayed in Fig. 5. Different binodal lines correspond to different
η0 as indicated. The inset shows the critical point χc as function of η0.
Comparison of the phase diagrams in Figs. 4 and 5 reveals
considerably smaller shifts of the binodal lines as η0 changes. This is
the central finding of the present work. Hence, the electrostatic
properties of the zwitterionic lipids generally weaken the tendency of
acidic lipids to increase the lateral membrane stability as η0 increases.
For η0≲0.8 this stabilizing tendency may even be reversed. This is
because the binodal lines do not change monotonously; for growing
η0 they first move up in the 1/χ vs. ϕ diagram, reaching maximal
values at about η0≈0.8, and then decrease. Differently expressed,
Fig. 5. Binodal lines for η0=0.0 (a), η0=0.3 (b), η0=0.9 (c), η0=0.99 (d), η0=0.999
(e), and η0=1.0 (f). All binodals are calculated for l=0.5 nm thus accounting for the
electrostatic properties of the zwitterionic lipids. The inset shows the dependence of
the inverse critical point 1/χc on η0. Here, calculated points are marked by open circles
connected by straight lines.
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deprotonation of the acidic lipid would always be predicted to
increase membrane stability if the electrostatics of the zwitterionic
lipids is neglected (l=0). Without neglecting it (l=0.5 nm) depro-
tonation leads to considerably smaller membrane stabilization or may
even act toward destabilization. In summary, our model predicts the
electrostatic properties of zwitterionic lipids to have a significant
influence on the nonideality of the membrane. Zwitterionic lipids
moderate (or even reverse) the stabilizing influence that the charges
of acidic lipids exert.

We provide an interpretation of our findings concerning the
influence of zwitterionic lipids on the stability of a mixed acidic–
zwitterionic membrane. To this end, consider the two limiting cases
l=0 and l≫ lD, each for η0=0 and η0=1. For l=0 and η0=0 all
acidic lipids are protonated (and hence uncharged) and remain so for
any composition ϕ. At the same time, the headgroups of the
zwitterionic lipids do not contribute to the electrostatic energy.
Hence, the free energy reduces to its nonelectrostatic contribution fBW,
implying the binodal line of curve (a) in Fig. 4. For l=0 and η0=1 all
acidic lipids carry a single negative charge, and the corresponding
electrostatic repulsion opposes any nonelectrostatic tendency to
demix. Thus, electrostatics acts toward stabilizing the membrane,
shifting the binodal in Fig. 4 from curve (a) to curve (f). Now consider
the case l≫ lD. Here, the positively charged moiety of the zwitterionic
headgroup is able to reside at any position xwithin the diffuse double
layer normal to the membrane. Hence, it effectively acts as a coun-
terion for the negative charges at x=0 (and is indistinguishable from
the other positively chargedmobile salt and coions in the system). For
η0=0 the electrostatic contribution to the free energy is then given by
fel according to Eq. (13) with the replacement ϕ→(1−ϕ). The
corresponding binodal line is that of curve (f) in Fig. 4. Finally, for
η0=1 all phosphate groups are charged irrespective of whether they
belong to an acidic or zwitterionic lipid. The electrostatic contribution
to the free energy is a constant for all compositions, namely fel
according to Eq. (13) with ϕ=1. Thus, because only the none-
lectrostatic contribution to f depends on composition, the binodal
corresponds to curve (a) in Fig. 4. In summary, we see that for l=0
and l≫ lD we obtain the same pair of binodal lines but with an
exchange of η0=0 and η0=1. That is, for l=0 growing pH opposes a
tendency of the membrane to demix whereas for l≫ lD it enhances
that tendency. If l increases from l=0 to l≫ lD the binodal lines for
η0=0 and η0=1 switch their places in the phase diagram.
Intermediate l (with l being on the same order of magnitude as lD)
are then expected to give rise to a narrower, more condensed set of
binodal lines. This is indeed what we observe in Fig. 5 for the
particular case l= lD/2=0.5 nm.

Our predictions are derived for fixed temperature and for a planar
bilayer. With regard to changing the temperature we point out that,
indeed, our model would allow to compute the change of the
electrostatic free energy. More important, however, is the tempera-
ture dependence of the membrane-associated solvent, which is not
included in ourmodel. Hence, the prediction of calorimetric quantities
is beyond the scope of the present model. In contrast to temperature,
membrane curvature can be included into our model by considering
curved (i.e. cylindrical and spherical) geometry. Given a motivating
experimental observation, this would be an interesting extension of
the present model.

4. Conclusions

We have analyzed a model (based on the Poisson–Boltzmann
approach) for the influence of pH changes on the degree of
nonideality in a binary acidic–zwitterionic lipid bilayer. Our model
predicts that, if the electrostatic properties of the zwitterionic lipids
are ignored, then increasing the charge of acidic lipids through an
elevation in pH strongly opposes any tendency of the lipids to demix
[25]. Accounting for the electrostatic properties of the zwitterionic
lipids moderates this tendency (and may even reverse it to a small
extent). Hence, increasing pH may not, or only to a minor degree,
contribute to an electrostatic membrane stabilization. A stabilizing
effect (as observed for PA [16] and some mixtures involving PG [17])
may still occur, indirectly, through changes in the cross-sectional area
per lipid and corresponding modifications of nonelectrostatic
interactions.

We finally reiterate that our present mean-field approach does not
intendquantitative comparisonwith experimental results. This is even
less so becausewe employ a number of structural assumptions that are
known to be inaccurate. Among these are the neglect of the solvent
structure and of the finite sizes of all involved ions, the assumption of a
smooth and planar hydrocarbon core–headgroup interface, and the
usage of a constant and uniform dielectric constant for water even
within the headgroup region. On a qualitative level, however, our
model has been used previously to reproduce experimentally and
computationally observed differences of the average area per lipid and
headgroup tilt angles for mixed zwitterionic-anionic and mixed
zwitterionic–cationic membranes [31]. This makes us confident that
our present model is capable to also reveal the mechanism of how
zwitterionic lipids affect the stability of acidic membranes that exhibit
a protonation/deprotonation equilibrium.
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